Abstract. The system of linearly coupled nonlinear Schrödinger equations is solved by aconservative difference scheme in complexarithmetic. The initial condition represents asuperposition of two one-soliton solutions of linear polarizations. The head-on and takeoveri nteraction of the solitons and their quasi-particle (QP) behavior is examined in conditions of rotational polarization and gain. We found that the polarization angle of aquasi-particle can change independently of the collision.
INTRODUCTION
Investigating the soliton dynamics in both linearly and nonlinearly Coupled Nonlinear Schrödinger Equations (CNLSEs) is of great importance from several different perspectives. Theym ain ones are the propagation of optical pulses in optical fibers [1, 5] and the investigation of the quasi-particle (QP) behavior of soliton solutions. The essential newfeature of CNLSEs in comparison with the single NLSE is the polarization, which is related to relative amplitudes of the components. Keeping in mind the fact that each component is actually ac omplex-valued function, one can appreciate the complexity of the possible soliton interactions. The role of the nonlinearity in the interaction of initially linearly and elliptically polarized solitons wasinvestigated in [8, 10] . It wasuncovered that depending on the magnitude of the cross-modulation parameter (presenting the nonlinear coupling), the interaction between the modes during the collision, changes the polarization of the QPs, and/or givesbirth to one or more QPs. On the other hand, the CNLSEs model has richer phenomenology when alinear coupling is considered alongside with the main, nonlinear coupling (see, e.g., [7] and the literature cited therein). This quantity generates rotational polarization which is independent of initial polarization of the soliton system. This is the reason to focus our attention to the dynamics of the soliton solutions in the Manakov system when alinear coupling is present.
PROBLEM FORMULATION
Let us consider al inearly coupled system of nonlinear Schrödinger equations (LCNLSEs)
where β is the dispersion coefficient, α 1 parameterizes the self-focusing in birefringent media. This system possesses three conservation laws when asymptotic boundary conditions are imposed, namely when ψ, φ → 0f or x →±∞.F ollowing [3, 7] we define "mass", M,(pseudo)momentum, P,and energy, E as follows
where
is the Hamiltonian density of the system. Here −L 1 and L 2 are the left end and the right end of the interval under consideration. The following conservation/balance laws hold,
which means that for asymptotic boundary conditions LCNLSEs admit at leastt hree conservation laws. Unfortunately there is no indication in the literature that the system (1a)-(1b) admits more conservation laws or that it is fully integrable.
The system under consideration is of Manakov type with additional linear coupling that leads to oscillation of the maximal heightofthe localized pulses ('breathing') even when theyare not noninteracting. This can be shown analytically following [7] through the substitution
which reduces the original linearly coupled system Eqs.
(1) to the ubiquitous Manakov system for functions Ψ and Φ.Inorder to create anumerical tool that allows expansion to more complicated cases, we will solvethe original system (1) rather than the reduced system for Ψ and Φ. The linear coupling parameter Γ can be, in general, acomplexnumber.The real part Γ r = ℜ[Γ] governs the oscillations between states termed as breathing solitons, while the imaginary part Γ i = ℑ[Γ] is responsible for the the gain/dissipation behavior of soliton solutions. Eqs. (1) possess solutions, which are combinations of interacting solitons oscillating with frequency Γ r .T hese solutions are pulses whose modulation amplitude is of general form (non-sech)a nd their polarization rotates with time. This determines the choice of initial conditions for numerical investigation of temporal evolution of interacting solitons.
The soliton solutions (QPs) are localized envelops on ap ropagating carrier wave. Forstreamlining the notation, it is convenient to introduce the vectors χ =(ψ,φ) T and δ =(δ ψ ,δ φ ) T .Then the initial condition is constructed as the superposition of twoQPs situated at X l and X r ,and propagating with phase speeds c l and c r ,i.e.,
Here |X r − X l | has to be large enough so the 'tail' of the first QP is fairly well decayed at the position of the second QP.Inthis paper the scalar form of each QP in right-hand side of (5) is assumed to be sech-like, i.e.,
where n is thecarrier frequency; δ ψ,φ are the phases of the twocomponents. Note that the phase speed is the same for the twoc omponents ψ and φ .I ft heyp ropagate with different phase speeds, the twoc omponents will be in twod ifferent positions in space after some time, no longer forming asingle structure.
NUMERICAL METHOD
In order to obtain reliable results for the time evolution of the solution, one needs a difference scheme that represents faithfully the above mentioned conservation laws. Such as cheme wasp roposed in [3] , and applied in [7] . This scheme wasb ased on a fast Gaussian elimination solver for multi-diagonal systems. Consequently,this scheme wasi mplemented for complexa rithmetic in [8] using as olver generalizing [4] to the case of complex-valued multi-diagonal systems. The complex-arithmetic algorithm is four times faster,and we use it also in the present paper.Thus, for solving Eqs. (1a)-(1b) with the initial conditions (4a)-(4b) numerically,weuse an implicit conservative scheme in complexarithmetic:
.., m and t n = nτ, n = 0, 1, 2... It is noto nly convergent (consistent and stable), buta lso conserves mass and energy,i.e., there exist discrete analogs M n and E n ,for (2), which arise from the scheme (for details see [3, 7, 8] ).
for n ≥ 0. These values are kept constant by the scheme during the time stepping. The above scheme is of Crank-Nicolson type for the linear terms and we employ internal iteration to achieve implicit approximation of the nonlinear terms, i.e., we use its linearized implementation [3] . In this wayt he order of approximation of Eqs. (7) is O(τ 2 + h 2 ).T he detailed description of the method of internal iteration applied to CLNSEs can be found in [3] . The above presented scheme and algorithm have been verified for different grids and time increments and the approximation has been confirmed.
RESULTS AND DISCUSSION
We observet hat the time oscillation ('breathing') of the amplitude of the soliton does not interfere with the soliton collision, i.e., the 'breathing' of the pulses takep lace even without anyi nteraction. This distinguishes the solitons considered here from the breathers previously reported in the literature [11, 2] . One can say that the apparent breathing is actually am anifestation of the rotation of the polarization. In as ense, the linear coupling (parameterized by Γ)isresponsible for the exchange of wave mass between the modes. Following [7] we call this effect 'cross-dispersion' of the signals. In Figures 1a nd 2w ep resent these features for given Γ in both cases -h ead-ona nd takeoverinteraction.
Our observations showt hat the presented here interactions are independent of the initial phase difference [[ δ ] ] and the trajectories of the centers of the QPs experience almost insignificant shift after the interaction. Thus, in the case of head-on collision giveninFigure 1a, initial trajectories are givenbyx=±45 ∓ t while the trajectories of the outgoing solitons are givenb yx=± 44.7 ∓ t (Figure 1b) . The pseudomomentum varies between 10 −15 (it vanishes due to the symmetry) in the beginning and 10 −5 after the collision, i.e., it reasonable well approximates the trivial value. The small change is due to the reflection form the the boundary conditions at the finite boundaries of the computational interval. The energy and the total mass are conserved, E = 0.2659, M = 2 at each time moment butn egligible oscillations of the energy after the fifth significant digit and of the component masses M ψ and M φ after the seventh significant digit are present. The parameter that undergoes the more significant evolution is the polarization angle. We begin with linear polarization (θ l = 0 • , θ r = 90 • )w hich evolves after the interaction (see Table 1 , columns 2and 3),but the sum is fairly well preserved (see Table 0 
1, column 4). The only place where the deviation of net polarization differs appreciably from 90
• is at the moment of the interaction (see Table 1 , row3 ). The approximate conservation of the polarization has been foundalso in out previous works with essential nonlinear coupling [9, 10] . The takeoveri nteraction (Figure 2a) follows the same qualitative pattern butw ith ab igger phase shift of the slower soliton and smaller phase shift of the faster soliton (Figure 2b) . We note that the initial trajectories of centers shift from x = −30 + 1.5t to x = −29 + 1.5t and from x = 30 + 0.6t to x = 28.2 + 0.6t after the interaction. Compared to the previous case of head-on collision the interaction is longer and this is the reason for the larger phase shifts (see, e.g., [6] of the similar effect for KdV solitons). We have found that the individual masses oscillate (breathe) by period determined by the magnitude of real part of the coupling parameter ℜ[Γ] (see Figure 2c) , while the net mass is constant at M = 2.1(see Table 2 , column 7). Similarly,the total energy oscillates within the described period, buti ts magnitude is perfectly conserved within the full period (Figure 2c) . The pseudomomentum is also conserved at P = 2.6056 (see Table 2 , column 8). The notable feature here is is that the rotational polarization originated by the linear coupling does not violate an excellent conservation of the total initial polarization θ l + θ r = 90 • (see Table 2 , column 4). The above discussion is concerned with the sech-likei nitial conditions when the linear-coupling parameter is real. In order to complete our investigation we conduct series of experiments with initial conditions of kind (4a)-(4b) and complex-valued linear coupling. Forsimplicity we use the same value for the real part, i.e., Γ = 0.1 + 0.005i. In Figure 3a we present the case of head-on collision for linear initial polarization. The nontrivial imaginary part of the linear coupling leads to violation of all observed conservation laws (Figure 3b ): the masses increase exponentially while keeping equal to one another; the (negative)total energy decreases exponentially,too. The net pseudomomentum keeps its trivial value within good accuracybeing in order of 10 −17 in the beginning and 10 −4 after the interaction (Table 3 , column 5). Concerning the magnitudes of the net polarization of each envelop we observed that theybegin to breathe and gain amplitude right after the onset of time while keeping an excellent conservation of the total polarization before and after the interaction (see Table  3 , column 4).
In the end we consider the case of takeovercollision with complexparameter of linear coupling. Compared to the linear coupling with purely real coupling parameter ( Figure  2 ) we again observeo scillations of the energy and masses (Figure 4b ). The (negative) energy decreases very fast, while the masses M ψ and M φ increase all of them oscillating. The pseudomomentum P increases without appreciable oscillation. Table 4presents the polarization. It is seen that the individual polarizations oscillate from the very beginning and the net total polarization is conserved only prior the interaction. After theinteraction, the total polarization starts to oscillates, too (see Table 4 , column 4). It is still an open question whether the polarization is conserved overonperiod of the oscillations.
CONCLUSION
In the present short note we solven umericallyt he vector NLSE with complex-valued linear coupling. We find that in the case of purely real linear coupling parameter, the energy,p seudomomentum, mass, and polarization are conserved overt he period of oscillations (breathing), while adding an imaginary part to the parameter leads to violation of the conservation laws. Our computations confirm the well established fact for manyd ifferent soliton systems that the phase shift depends on the duration of the interaction being larger for takeovercollisions in comparison with the head-on collision.
